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Abstract: In the article, there is presented the mathematizalel of expected maintenance costs of
two- and multi-unit system in a single cycle of mimn (betweeni{l)th andith time moments of
inspection action performance), provided that atliginning of the inspection cycle system elements
are in the same age and show no signs of forthaprfailure. The mathematical modelling of
maintenance decisions for such a system is prowdd#dthe use of delay-time analysis. Moreover,
there was examined the compatibility of developedlyical model with a simulation model. The
directions for further research work are defined.
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1. INTRODUCTION

As machine become more complex, the possibility théures or deterioration of machine systems
can result in economic losses increases. Much itapoe has been, therefore, attached in maintenance
to reduce such losses.

One of the main functions of maintenance is to @rihe condition of facilities. A technique called
delay time analysis has been developed for mod#li@egonsequences of an inspection policy for any
systems [8]. The central concept here is a detaghi of a fault, which is the time elapsed from when
a fail could first be noticed until the time, whés repair can be delayed no longer because of
consequences (see e.g. [6, 7]) This concept, wiriotide useful means of modelling the effect of
periodic inspections on the failure rate of refda&aechnical systems, was developed by Christer et
al., see e.g. [8, 11, 12, 14, 31].

Known in the literature technical systems mainteeamodels which base on delay-time concept
implementation, can be divided into two main gro[8#4:

« inspection models for single-unit or complex system

e inspection models for multi-unit systems.

The maintenance modelling issues for single-unil @emplex systems have been extensively
analyzed in the literature see e.g. [20]. In theecaf a repairable component, it is possible toehod
the reliability, operating cost and availabilitynttions when pdf of delay timig(h) and pdf of initial
point u g(u) are known. In the case of multi-component or cemsystem, the arrival pattern of
defects within the system is modelled by an insta@bus arrival rate paramef¢u) at timeu. If 2(u)

is constant, the model is a Homogeneous Poissoce8saype (HPP), otherwise it is of a Non-
Homogeneous Poisson Process type (NHPP) [27].

The inspection models for multi-component systemesvaidely known in the literature. The basic
multi-component system delay-time model is givereig. [9, 13, 14, 35]. The basic assumptions
include perfect inspection case, independent systanponents, the number of defects arising dver
following a HPP with a constant rafeper unit time, known pdfi(h), regular inspection actions
performance which requires a constant tidaeFollowing these assumptions, probability of defec
arising as a failur@,(T) and downtime per unit timgy(T) may be estimated. The basic extensions for
analyzed delay time model regard to the non-peifegiection case (see e.g. [4, 32, 33]), or metipl
nested inspections case (see e.g. [36, 31]).

Moreover, in the literature there can be also foomudti-component inspection models, which assume
that the defect arrival process is non-homogenéses e.g. [7, 15, 16, 35]). Aspects of testing for
trend and fitting a NHPP process to data are diszle.g. in [3]. Moreover, the imperfect inspecion
case is analyzed in e.g. [4, 32].
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Another important aspect which cannot be negleiddtie problem of delay time model parameters
estimation. This research issues are investigatedre[7, 33, 34, 39].

The presented above maintenance models regard tpditdy consideration. The implementation of
condition monitoring policy in delay-time models fmmplex systems is given e.g. in [5, 18, 37].
Many works have been carried out on the DT modgltim production plants (e.g. [1, 26]). Other
works include the application to gearbox failureqass (see e.g. [28]), modelling PM for a vehicle
fleet (see e.g. [12, 17, 19, 30]), PM process fopal face machinery [5], wind turbine maintenance
optimization (see e.g. [2]), modelling maintenamdefishing vessel equipment (see e.g. [29]), or
medical equipment (see e.g. [10]).

To sum up, most of the known in literature mainterga models regard to complex or multi-unit
systems performance optimization issues. Howevkeemnnassuming that the working elements are in
non-series reliability structure, the analyticalagetime models are almost not investigated. Falhaw
this, authors focus on the development of analytivaintenance model of technical systems
performing in various reliability structures. Thum the next Section, there is presented the
investigated maintenance model for two-element mwetement system. Following this, in the next
step, authors examine the compatibility of devedbmalytical model with simulation results,
obtained from the model presented e.g. in [23].eBasn this research, it was possible to analyze the
possibility of the presented model use for timenseetn inspections period optimization issues. The
work ends up with summary and directions for furttesearch.

In conclusion, this article is to be the continaatof consideration about mathematical modelling of
technical objects with time delay maintenance, gmesd e.g. in [20]. Moreover, it is also a
continuation of the considerations about futureeaesh, connected with delay time modelling for
complex and multi-unit systems in given reliabilstyucture, developed e.g. in [21, 23, 24, 25489,

2. DELAY-TIME MODEL FOR MULTI-UNIT SYSTEMS

In this Section, first there is considered a basiay-time model for two-unit systems. It is assdme
that system elements working independently understime conditions. Moreover, components are
prone to become defective independently of eacératien the system is in operating. In the second
step of analytical model formulation, there is mae assumption that system is comprisech of
elements. Moreover, there is investigated systeemehts performance in three main reliability
structures — series, parallel ardut-ofn.
The performed maintenance policy bases on Bloclpedctson policy Bl) which assumes, that
inspections take place at regular time interval§,@nd each requires a constant time. The inspection
are assumed to be perfect. Thus, any component&ctdavhich occurred in the system till the
moment of inspection, will be identified. All elemts with identified defects will be replaced within
the inspection period.
In the analyzed system may be performed one ofvileemaintenance operations: failure repair or
inspection together with replacement of elementh defects. Following this, it is assumed that whe
a system failure occurs, there is only performgdaeement of failed components without additional
inspection action performance. However, in the a#splanned inspection action performance, the
replacement will be performed only for those eletaavith visible symptoms of their future damage.
The performance of the investigated system is@dfimed by the additional assumptions:
« the system is a three state system where, oveeiitéce life, it can be either operating, operating
acceptably or down for necessary repair or planmaihtenance,
« failures of the system are identified immediatelgd repairs or replacements are made as soon as
possible,
* inspection action performance begins the new maamtee cycle for the analyzed system,
* maintenance actions restores system to as gocelxasandition,
* the system can remain functioning in an acceptamdaner until breakdown (despite having
defects),
* system incurs maintenance costs of: new elemeittsnhey are replaces, inspection costs;,
and some additional, consequence costs, when syailerty;
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» time of defects occurrence defined byis a random variable described by its probability
distribution functiong(u) andG(u),

« the length of the delay time before element’s failis random and its probability distributions are
given byf,(h) andFy(h).

Moreover, there should be underlined here, that dbgeloped mathematical model gives the

possibility for estimation of expected maintenawgosts for system, which elements are as good as
new at the beginning of the maintenance cycle (gt maintenance cycle performance). The

maintenance cycle is here understood as the tirheeba the two consecutive inspection actions

performance.

2.1. Reliability models of system with delay timeworking in variousreliability structures

When system performs in a series reliability sticestthere is a possibility to define t8al.f. of time
to failure,F(X), as the convolution af andh such thati +h <x:

F) =1-[1 = [1_91@)Fns(x —wdu] - [1 = [I_ | g2 @) Fo (x — w)dlu] 1)
And the system reliability functioR(x) = 1 — F(x).
The formulae (1) for multi-unit systems may be dedl as:
F(x) =1 =TT} [1 - [7_; 9;@)Fnj(x — wdy] )

When the system elements work in a parallel rditgbstructure, theC.d.f. of time to failure,F(x),
given by the formulae (1) may be estimated as:

F(x) = [0 91 @Fni (x —wdu - f;_ go()Fpap(x — w) du (3)
and respectively for multi-unit systems as:
F) = [y fiy 9 @) Fnj (x — wdu (4)

Taking into accounin-element system, when its elements work in the ngesteral,k-out-of-n
reliability structure, the system reliability fummt may be estimated as:

R(x) = XL, R (x) ()

where:

R(x) — probability of system correct operation relatedlth combination of up-stated elements
providing the system being up state

m — number of possible combinations of up-statechetds which provide the up-state of the system
(number of system up states)

And the systent.d.f. of time to failureF(x) = 1 — R(x).

The probability of system correct operation fir combination of system elements being in up-state
order to system up-state providing, may be estichase

RUx) = [T [R; (0] 7 [1 = Ry ()] ™ (6)

where:
g — indicator defined as follows:
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_ {1, if jth element in {th combination is in up state 7
J 0, if jth element in Ith combination is failed ()
R(x) — element’s reliability function, given by therfioulae:
Ri(0) = 1-F(0) = 1= [,_g,(Fy;(x —wdu ®)

As a result, formulae (6) can be expressed as:

ej 1—e;
RUGo) = [T [1 — [ 97 (Fiy (e — wdu] [ g5 Fny G —wau] " (9)
2.2. Maintenance model for system with delay time
The expected costs of two-element system maintenanane inspection cycle are defined as:

CfF(ti)+Cr(1—F(ti))(Gl(ti)+Gz (ti))'l'Ci(l—F(ti))

e (1=61 (1)) (1=G2(ti-1)

(10)

The maintenance cost expressed in the equationpf&8ents the sum of possible cost: of a system
failure, replacement cost of working elements witiservable defects and inspection costs per aesingl
inspection period. The formulae may be used urttecondition that all the system elements were as
good as new at the beginning of the cycle. The inodg be developed to the form usable for multi-
unit systems:

cFF(t)+er(1-F () (X1 Gj(t) )+c;(1—F (t)

C(Ty) = C(ti—1, t;) =
( z) (l 1 1) ?:1(1_Gj(ti—1))

(11)

3. CONVERGENCE OF THE MODEL WITH LITERATURE FINDINGS

The majority of literature findings deal with resubf simulation maintenance models of multi — unit
system with delay time. In order to present theveogence of the foregoing model and simulation
ones, presented in the literature, authors focuthergeneral case for systemkhout-of-n reliability
structure. The analysis results for other religp#tructures were given in [22].

The cost results for chosen casekaiut-of-n system are depicted in the figures 1-4. The casts
presented in the function of the length of inspectperiod T). The Monte Carlo simulation was
conducted for the first inspection cycle to realassumption regarding all new elements at its
beginning. The table 1 presents system parametsusreed in the simulation model.

Table 1: Smulated system parameters

Notation Description Value
kout of n | Reliability structure of a system 2 out of 3
Ce The unit cost of new element 5
G The unit cost of inspection 1
Ce The unit cost of consequences pertaining a sysadord 100

Probability function ofs period (the time that elapses from the — 1 _ o (ul75)3®
G(u) moment when a defect arises in a new element) G(u) =1-e
Probability function oh period ( the time between first signals pf — 4 _ ~(h/35)3°
Fr(h) defect and element’s failure) Fh(h) =1-e
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Fig. 1 The simulated expected maintenance costg. 2 The expected maintenance cost&-oti-
of 2-out-of-3 system in a single inspection cycle of-3 system in a single inspection cycle obtained
according to Eq. (11)
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Fig. 3 The simulated costs of a system failuFdg. 4 The costs of a system failur€H),

(CF), elements’ replacementCR) cost and elements’ replacemenCR) cost and inspection
inspection costs @) in 2-out-of-3 system per costs Cl) in 2-out-of-3 system per a single
a single inspection cycle inspection cycle obtained according to Eq. (11)

The figures 1- 4 confirm the strong convergencsioifulation and analytical results of the presented
maintenance model. The greatest divergence is wdiderwhen an inspection period becomes longer
than the mean time to failure of system componénts 110) and is a result of almost zero reliability
level of the system. Both the models, simulatiod analytical one yield the same results, what may
be the foundation to confirm their correctness.

4. SENSITIVITY ANALYSIS

The general maintenance modelkedut-of-n systems with delay time, presented in the papeesg
the possibility to use it when parameters of th® Bblicy are to be optimized. Even though the
minimum of the total maintenance cost for the stddystem is placed abolt= 20, the optimum
length between inspections should not be set dijreat this base. One has to remember of the strong
assumption of system components “as good as nettieabeginning of the cycle. That makes model
directly usable only for maintenance optimizatidrspstems with a series reliability structure. e t
case ofk-out-of-n systems, wherk # n, a system should be inspected on the base ofabarti
maintenance costs. It seems to be reasonablepednsystem components when:

the probability of a system failure is low — in erdo avoid failure costs,

the probability of elements replacement is high awoid costs of unnecessary inspections.
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Thus, the optimum (or at list good) period betwdao consecutive system inspections may be
determined on the base of minimization of the diffece of the failure and elements’ replacement
costs [22]:

(12)

The plot of theK value in the function of period between inspedidh) for variousk-out-of-n
systems is presented in the figure 5.
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Fig. 5. FunctiorK according to Eq. (12)

The results presented in the figure 5 shows difiteoptimum periods between inspections Kaput-
of-n system, dependently on tkeralue. When system is liable to every componehirts (3out-of-

3), it should be inspected much more often thartegys being more resistant for elements’
unreliability k< 3). The presented effect exemplifies the udgbif the analytical maintenance
model for the general case of system Witbut-of-n reliability structure.

4. CONCLUSIONS

In the area of technical systems modeling maintemamodelling using the concept of DT main task is
to optimize the length of time between succesangpection actions performance. In the presented
article, this problem is solved by developing aalgtical model of the expected maintenance cost of
technical objects operating in the three main stines reliability k-out-of-n, series and parallel ones).
The authors are continuing their research on thinenaatical modeling with the use of DT approach
for technical systems presented e.g. in [20, 22]tl@ other hand, the work continues considerations
associated with modeling the maintenance of mulii-technical systems, presented in [21, 23, 24,
25, 39, 40].

In the next step, authors plan to develop DT medt#i assumptions being fitted to the real-systems
performance (e.g. imperfect maintenance case).nidie research efforts are to define some rules
how to choose a PM policy from an engineering pofntiew.
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